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Epistemic Status

EPISTEMIC STATUS OF v13 COMPUTATIONAL RESULTS

SUPPORTED (at toy/scaling level):

* Spectral truncation of product thermal states produces
sub-additive entropy composition (negative defect)

* Full-spectrum limit recovers exact additivity
 Sub-additivity strength scales with truncation severity
 Exact analytical formula: I(A:B) =InZ_V-_A-_B

(Proposition 2.8 in the paper)

UNRESOLVED:

« The specific kappa-addition functional form (defect ~S_A* S_B)
is NOT uniquely selected by the data

» Alternative sub-additive forms fit comparably well

 The exact H-function composition law of thermodynamic relativity
has not been derived from spectral truncation

 Extension to non-product Hamiltonians untested

PRESERVED AS DATA:

* The initial "exact kappa-addition" finding (Script 01)

* The scaling confirmation (Script 02)

» The epistemic correction showing tautology risk (Script 03)

* The independent-kappa test showing non-uniqueness (Script 04)

* The analytical formula derivation (Script 05)

All findings — including overclaims caught and corrected —

are part of the scientific record.



The Evidence Trail

Cycle 1: Initial Discovery
Script: 01_031_toy_calculation.py

Two copies of the v6.1 toy Dirac operator were composed into a 4-dimensional system. Spectral truncation was
applied to thermal states. The entropy defect was computed.

Finding: The kappa-addition formula appeared to match exactly in every test case. This looked like a strong positive
validation of the v7 bridge conjecture.

Cycle 1b: Scaling Test
Script: 02_031_scaling_test.py

The computation was extended to 8-dimensional (three subsystems) and 16-dimensional (larger chain composites)
systems.

Finding: Sub-additivity persisted across all dimensions tested. The pattern scaled cleanly. No additional H-function
correction was required at the fitted-parameter level; this does not establish uniqueness of the simple kappa-form.

Cycle 2: Epistemic Correction
Script: 03_031_epistemic_check.py

A critical review revealed that the kappa-addition 'exact match' was algebraically tautological: the formula has one
free parameter for one equation, so it is always formally satisfiable.

Finding: An alternative model (defect proportional to S_A + S_B) fits the data at least as stably as kappa-addition
(CV =0.36 vs 0.55). The specific kappa-addition form is NOT uniquely selected. This is the epistemic brake in action.

Cycle 2b: Independent Kappa Test
Script: 04_o031_independent_kappa.py
A systematic scan across 28 configurations tested whether kappa follows any clean functional law.

Finding: Kappa varies by orders of magnitude at the same truncation fraction. The direction of kappa vs beta
REVERSES depending on truncation severity. No simple functional form uniquely describes the defect.

Cycle 3: Analytical Result
Script: 05_031_analytical_formula.py
An exact analytical formula was derived for the mutual information created by spectral truncation.

Finding: I(A:B) =In Z_V - <In Q>_A - <In P>_B. The mutual information vanishes iff the truncation mask is a product
set. This is Proposition 2.8 in the v13 paper.



Script 01: O31 Toy Calculation

Source: scripts/01_o031_toy_calculation.py

@81 Toy Cal cul ation: Does kappa-addition energe from spectral truncation?

Setup: Two copies of v6.1's 2-site Dirac operator
DA=DB=1[[0, c_S], [c_S, 0]], eigenvalues +/- c_S

Conposite: D=DA(x) | +1 (x) DBon C\4
Spectrum {-2c_S, 0, 0, 2c_S}

Test: Apply spectral truncation (renove zero eigenval ues).
Check whet her entropy conposition follows kappa-addition.

inport numpy as np
fromscipy.linalg inmport expm

# Set ¢c_S =1 for sinplicity (results scale)

c.S=10

# Subsystem Dirac operators (2x2)
DA = np.array([[0, c_S], [c_S, 0]])
DB = np.array([[0, c_S], [c_S, 0]])

# Conposite operator D= DA (x) | +1 (x) DB (4x4)
12 = np.eye(2)

D conposite = np.kron(D_A, 12) + np.kron(12, D _B)

print("=== COMPCSI TE OPERATOR ===")
print(D_conposite)

# Ei gendeconposi tion
ei genval ues, eigenvectors = np.linalg.eigh(D _conposite)
print(f"\nEi genval ues: {eigenval ues}")

# Thermal state rho = exp(-beta*D) / Z for various beta
for betain [0.5 1.0, 2.0, 5.0]:

print(f"\n=== beta = {beta} ===")

# Full thernal state (4x4)

rho_full = expn(-beta * D conposite)
Z_full = np.trace(rho_full)

rho_full /= Z full

# Full entropy

eig_rho = np.linalg.eigval sh(rho_full)

eig_rho = eig_rho[eig_rho &t; 1le-15] # renove zeros
S full = -np.sun{eig_rho * np.log(eig_rho))

# Marginals of full state

rho_A full = np.trace(rho_full.reshape(2,2,2,2), axisl=1l, axis2=3)
rho_B full = np.trace(rho_full.reshape(2,2,2,2), axisl=0, axis2=2)
eig_A full = np.linalg.eigval sh(rho_A full)

eig A full =eig_Afull[eig_Afull &gt; le-15]

S Afull = -np.sunm(eig_A full * np.log(eig_Afull))

eig_B full = np.linalg.eigval sh(rho_B full)

eig B full = eig_Bfull[eig_B full &gt; le-15]

S B full = -np.sunm(eig_B full * np.log(eig_B full))

print(f"Full: S AB = {S_ full:.6f}, SA={SAfull:.6f}, S B={SBfull:.6f}")
print(f"Full: S A+ SB={SAfull + S Bfull:.6f}, defect = {S_full - S Afull - SBfull:.6f}")
# Now TRUNCATE: renove eigenvalues |l anbdal] &t; threshold

# Threshol d renpves the two zero-ei genval ue states
threshold = 0.5 * ¢_S # keeps only |lanbda] &gt;= threshold

# Project onto subspace with |lanbdal] &gt;= threshold

mask = np.abs(ei genval ues) &gt;= threshold

print(f"Kept eigenvalues: {eigenval ues[nask]}")

V_keep = eigenvectors[:, mask] # colums = kept eigenstates

# Truncated (projected) density matrix

rho_trunc = V_keep. T @rho_full @V_keep # project to subspace

rho_trunc /= np.trace(rho_trunc) # renormalize

# Entropy of truncated state



eig_trunc = np.linalg.eigval sh(rho_trunc)
eig_trunc = eig_trunc[eig_trunc &gt; 1le-15]
S trunc = -np.sun(eig_trunc * np.log(eig_trunc))

# Marginals of truncated state

# The truncated state lives in a 2D subspace.

# W need to enbed back into 4D, take partial trace, then conpute entropy
rho_trunc_4D = V_keep @rho_trunc @V_keep. T # back to 4x4

rho_A trunc
rho_B_trunc

= np.trace(rho_trunc_4D.reshape(2, 2,2,2), axisl=l, axis2=3)
= np.trace(rho_trunc_4D. reshape(2, 2, 2,2), axisl=0, axis2=2)
eig_A trunc np. linal g. ei gval sh(rho_A_trunc)

eig_A trunc eig_A trunc[eig_A trunc &gt; le-15]

S Atrunc = -np.sunm(eig_A trunc * np.log(eig_A trunc))

eig_B trunc np. linal g. ei gval sh(rho_B_trunc)
eig_B trunc eig_B trunc[eig_B trunc &gt; le-15]
S B_trunc = -np.sun(eig_B_trunc * np.log(eig_B trunc))

defect = S trunc - S_Atrunc - S B trunc

print(f"Truncated: S AB = {S_trunc:.6f}, S A= {S Atrunc:.6f}, SB={S B trunc:.6f}")
print(f"Truncated: S.A+ S B={S Atrunc + S B trunc:.6f}")
print(f"Truncated: entropy defect = {defect:.6f}")

# Check kappa-addition: S AB=S A+ SB- (1/kappa) SA* S B
# =&gt; defect = -(1/kappa) S A* S B
# =&gt; kappa = -S_A* S B/ defect
if abs(defect) &gt; 1le-10:
kappa_enpirical = -S A trunc * S B trunc / defect
print(f"Inplied kappa = {kappa_enpirical:.6f}")

# Verify: S AB=? S A+ SB- S A*S Bl kappa
S AB predicted = S A trunc + S B trunc - S Atrunc * S B trunc / kappa_enpirical
print (f"kappa-addition prediction: {S_AB predicted:.6f} vs actual: {S_ trunc:.6f}")
print(f"Match: {abs(S_AB predicted - S trunc) &t; le-10}")

el se:
print("No entropy defect (additive)")

print("\n\n=== EXTENDED TEST: ASYMVETRI C SUBSYSTEMS ===")
# Now try D Awith coupling a, DB with coupling b (different "tenperatures")
for a, bin[(1.0, 0.5), (2.0, 0.5), (1.0, 0.3)]:

print(f"\n--- a={a}, b={b} ---")
D A2 = np.array([[O, a], [a, O]])
D B2 = np.array([[O, b], [b, 0]])
D conp2 = np.kron(D_A2, 12) + np.kron(l2, D B2)

eval s2, evecs2 = np.linalg.eigh(D _conmp2)
print(f"Ei genval ues: {eval s2}")

beta = 1.0
rho2 = expn(-beta * D _conp2)
rho2 /= np.trace(rho2)

# Full entropy

ev2 = np.linalg.eigval sh(rho2)

ev2 = ev2[ev2 &gt; le-15]

S full2 = -np.sum(ev2 * np.log(ev2))

# Truncate: keep only |lanbda] &gt; threshold
# Use threshold that renpves exactly one pair of eigenval ues
sorted_abs = np.sort(np.abs(eval s2))
for n_keep in [3, 2]:
if n_keep &gt;= len(eval s2):
conti nue
threshol d2 = (sorted_abs[| en(eval s2)-n_keep-1] + sorted_abs[len(eval s2)-n_keep]) / 2
mask2 = np. abs(eval s2) &gt;= threshol d2
if np.sum(mask2) != n_keep:
# try another threshold
threshol d2 = sorted_abs[|en(eval s2)-n_keep] - 0.01
mask2 = np. abs(eval s2) &gt;= threshol d2

V2 = evecs2[:, mask2]
print(f"\n Keeping {np.sun(nmask2)} eigenvalues: {evals2[nmask2]}")

rho_t2 = V2.T @rho2 @V2
rho_t2 /= np.trace(rho_t2)

ev_t2 np. | inal g. ei gval sh(rho_t2)
ev_t2 ev_t2[ev_t2 &gt; 1le-15]
S AB t = -np.sun(ev_t2 * np.log(ev_t2))

rho_t2_4D = V2 @rho_t2 @V2.T



rho_A t2
rho_B t2

= np.trace(rho_t2_4D.reshape(2, 2,2,2), axisl=l, axis2=3)
= np.trace(rho_t2_4D.reshape(2, 2,2,2), axisl=0, axis2=2)
np. linal g. ei gval sh(rho_A t2)

ev_Alev_A &gt; 1le-15]

S At = -np.sun{ev_A * np.log(ev_A))

_B = np.linalg.eigval sh(rho_B_t2)
ev_B = ev_B[ev_B &gt; le-15]
S Bt = -np.sun(ev_B * np.log(ev_B))

defect2 = S ABt - SAt - SBt
print(f" S AB={S AB_t:.6f}, S A=
print(f" Defect = {defect2:.6f}"

{S_At:.6f}, S B={S B t:.6f}")
)
if abs(defect2) &gt; 1le-10 and abs(S_ At * S Bt) &yt; le-10:
kappa2 = -S At * S Bt / defect2
Spred =S At +SBt-SAt*SBt / kappa2
print(f" kappa = {kappa2:.6f}")
print(f" kappa-addition check: pred={S pred:.6f} vs actual ={S _AB t:.6f}")

elif abs(defect2) &t; 1e-10:
print(f" Additive (kappa -&gt; inf)")

Output: outputs/01_o031_toy_calculation_output.txt

=== COWPCSI TE OPERATOR ===

i
rOoOR
RrOOR

Ei genval ues: [-2.00000000e+00 -3.33354892e-16 1.11310287e-16 2.00000000e+00]

=== beta = 0.5 ===
Full: S_AB = 1.164406, S A = 0.582203, S B = 0.582203
Full: S_A + S_B = 1.164406, defect = 0.000000

Kept eigenvalues: [-2. 2.]

Truncated: S_AB = 0.365334, S A = 0.365334, S B = 0.365334
Truncated: S_A + S B = 0.730668

Truncated: entropy defect = -0.365334

I nplied kappa = 0.365334

kappa-addi tion prediction: 0.365334 vs actual: 0.365334
Mat ch: True

=== peta = 1.0 ===

Full: S_AB = 0.730668, S A = 0.365334, S B = 0.365334
Full: S A+ S_B = 0.730668, defect = -0.000000

Kept eigenvalues: [-2. 2.]

Truncated: S_AB = 0.090095, S A = 0.090095, S B = 0.090095
Truncated: S_A + S B = 0.180190

Truncated: entropy defect = -0.090095

I mpli ed kappa = 0.090095

kappa- addi tion prediction: 0.090095 vs actual: 0.090095
Mat ch: True

=== peta = 2. ===

Full: S_AB = 0.180190, S_A = 0.090095, S_B = 0.090095
Full: S A+ S B = 0.180190, defect = 0.000000

Kept eigenvalues: [-2. 2.]

Truncated: S_AB = 0.003018, S _A = 0.003018, S_B = 0.003018
Truncated: S A+ S B = 0.006036

Truncated: entropy defect = -0.003018

I npli ed kappa = 0.003018

kappa- addi tion prediction: 0.003018 vs actual: 0.003018
Mat ch: True

=== beta = 5.0 ===

Full: S_AB = 0.000999, S A = 0.000499, S B = 0.000499
Full: S_A + S_B = 0.000999, defect = 0.000000

Kept eigenvalues: [-2. 2.]

Truncated: S_AB = 0.000000, S A = 0.000000, S B = 0.000000
Truncated: S_A + S B = 0.000000

Truncated: entropy defect = -0.000000

I npli ed kappa = 0. 000000

kappa-addi tion prediction: 0.000000 vs actual: 0.000000

Mat ch: True

=== EXTENDED TEST: ASYMMVETRI C SUBSYSTEMS ===

--- a=1.0, b=0.5 ---



Ei genvalues: [-1.5 -0.5 0.5 1.5]

Keeping 3 eigenvalues: [-1.5 -0.5 1.5]

S AB=0. 713866, S_A=0.152109, S_B=0.606233

Defect = -0.044476

kappa = 2.073329

kappa- addi ti on check: pred=0.713866 vs actual =0. 713866

Keeping 2 eigenvalues: [-1.5 1.5]

S _AB=0. 190865, S_A=0.190865, S_B=0.190865

Defect = -0.190865

kappa = 0.190865

kappa- addi ti on check: pred=0.190865 vs actual =0. 190865

--- a=2.0, b=0.5 ---
Ei genvalues: [-2.5 -1.5 1.5 2.5]

Keeping 4 eigenvalues: [-2.5-1.5 1.5 2.5]
S _AB=0. 672298, S_A=0.090095, S_B=0.582203
Def ect = -0.000000

Addi tive (kappa -&gt; inf)

Keeping 2 eigenvalues: [-2.5 2.5]

S _AB=0. 040180, S_A=0.040180, S_B=0.040180

Def ect = -0.040180

kappa = 0.040180

kappa- addi ti on check: pred=0.040180 vs actual =0. 040180

--- a=1.0, b=0.3 ---
Eigenvalues: [-1.3 -0.7 0.7 1.3]

Keeping 3 eigenvalues: [-1.3 0.7 1.3]

S _AB=0.573712, S_A=0.461059, S_B=0.230811

Defect = -0.118158

kappa = 0.900636

kappa- addi ti on check: pred=0.573712 vs actual =0. 573712

Keeping 2 eigenvalues: [-1.3 1.3]

S _AB=0.251405, S_A=0.251405, S_B=0.251405

Def ect = -0.251405

kappa = 0.251405

kappa- addi ti on check: pred=0.251405 vs actual =0. 251405



Scr

ipt 02: O31 Scaling Test

Source: scripts/02_031_scaling_test.py

@1

Test
Test
Test
Test

Scal i ng Test: Does kappa-addition survive beyond the mininal toy?

Three subsystens (8-dinensional conposite)

Larger individual subsystens (3-site chains)

Varying truncation fractions

Check if Hfunction form (not just sinple kappa) is needed

RwNE

inport nunpy as np
fromscipy.linalg inport expm

def

def

def

von_neunmann_ent ropy(rho):

""" Conpute von Neunann entropy S = -Tr(rho In rho)
eigs = np.linalg.eigval sh(rho)

eigs = eigs[eigs &jt; le-15]

return -np.sun{eigs * np.log(eigs))

partial _trace(rho_full, dins, keep):
"""Partial trace over all systens except 'keep' (list of indices)."""
n = | en(dins)

rho = rho_full.reshape(dins + di ns)
# Trace over indices not in 'keep'
trace_over = [i for i in range(n) if i not in keep]
# Sort in reverse to avoid index shifting
for idx in sorted(trace_over, reverse=True):
rho = np.trace(rho, axisl=idx, axis2=idx+n-len([t for t in trace_over if t &gt;
# Reconpute n for remaining
n-=1
dins = [d for i, din enunerate(dins) if i not in [idx]]
total _dim= int(np.prod([dims[k] for k in range(len(dins))]))
return rho.reshape(total _dim total _dim

test_kappa_addition(S_AB, S A S B, |abel=""):
"""Check if SAB=S A+ SB- SA*S B kappa"""
defect = SAB- SA- SB
if abs(defect) &t; 1le-10:
print(f" {label }Additive (kappa -&gt; inf), defect={defect:.2e}")
return None
if abs(S_A* S B) &t; le-15:
print(f" {label }Degenerate (S_A*S B ~ 0)")
return None
kappa = -S_A* S B/ defect
Spred =S A+ SB- SA* SB/ kappa
match = abs(S_pred - S_AB) &t; 1le-8
print(f" {label}S AB={S AB:.6f}, S A={S A .6f}, S B={S B .6f}, "
f"def ect={defect:.6f}, kappa={kappa:.4f}, match={match}")
return kappa

print("=" * 70)
print("TEST 1: THREE SUBSYSTEMS (2x2x2 = 8-di mensional)")
print("=" * 70)

for

a, b, cin[(1.0, 1.0, 1.0), (1.0, 0.7, 0.4), (2.0, 1.0, 0.5)]:
print(f"\n--- Couplings: a={a}, b={b}, c={c} ---")

DA =np.array([[0, a], [a, O0]])

DB = np.array([[O, b], [b, 0]])
D C = np.array([[O, c], [c, O]])
12 = np. eye(2)

#DABC=DAXx I xI +1 xDBx1l +1 x| x DC

D ABC = (np. kron(np.kron(D_A, 12), 12) +
np. kron(np. kron(12, D_B), 12) +
np. kron(np. kron(12, 12), D.C))

eval s, evecs = np.linalg.ei gh(D_ABC)
print(f"Eigenval ues: {np.round(evals, 4)}")

beta = 1.0
rho = expn(-beta * D ABC)
rho /= np.trace(rho)

# Test bipartite split: (AB) vs C

# Truncate at various thresholds

sorted_abs np. sort (np. abs(eval s))

uni que_abs np. uni que(np. round(sorted_abs, 6))

for n_keep in [6, 4, 2]:

idx]))



if n_keep &gt;= len(evals):
conti nue
# Find threshold

threshold = (sorted_abs[-n_keep-1] + sorted_abs[-n_keep]) / 2 if n_keep &t; len(evals) else 0O

mask = np.abs(evals) &gt; threshold

act ual _keep = np. sun( mask)

if actual _keep == 0 or actual _keep == len(eval s):
conti nue

V = evecs[:, nmask]

rho_t = V.T @rho @V

rho_t /= np.trace(rho_t)

S ABC = von_neunann_ent ropy(rho_t)

# Enbed back and take partial traces
rho_t_full =V @rho_t @V.T # back to 8x8

# Marginal A (trace over B, Q)
rho_A = partial _trace(rho_t_full, [2,2,2], [0O])
S A = von_neunann_ent ropy(rho_A)

# Marginal BC (trace over A)
rho_BC = partial _trace(rho_t_full, [2,2,2], [1,2])
S BC = von_neunann_ent ropy(rho_BC)

# Marginal B
rho_B = partial _trace(rho_t_full, [2,2,2], [1])
S B = von_neumann_entropy(rho_B)

# Marginal C
rho_C = partial _trace(rho_t_full, [2,2,2], [2])
S C = von_neunann_entropy(rho_C)

print(f"\n Keeping {actual _keep}/8 eigenval ues (threshol d={threshold:.3f})")

# Test Avs BCsplit
test _kappa_addition(S_ABC, S A S BC, "ABC ")

# Test AB vs Csplit

rho_AB = partial _trace(rho_t_full, [2,2,2], [0,1])
S AB = von_neunann_ent ropy(rho_AB)

test _kappa_addition(S_ABC, S AB, S C "AB/C ")

# Test pairwise: Avs B (marginals only)
test _kappa_addition(S_AB, S_.A S B "A B (in AB): ")

print("\n\n" + "=" * 70)
print("TEST 2: 3-SITE CHAIN (i ndividual subsystem = 3x3)")
print("=" * 70)

# 3-site chain Dirac operator: tridiagonal

def

for

chai n_dirac(n, coupling):
"""n-site chain with uniformcoupling
D = np. zeros((n, n))
for i in range(n-1):
Dli, i+1] = coupling
Dli+1, i] = coupling
return D

n_sites in [3, 4]:

print(f"\n--- {n_sites}-site chain, coupling=1.0 ---")

D single = chain_dirac(n_sites, 1.0)

eval s_single = np.linalg.eigval sh(D_single)

print(f"Single subsystem eigenval ues: {np.round(evals_single, 4)}")

I_n = np.eye(n_sites)

D conp = np.kron(D_single, |I_n) + np.kron(l_n, D_single)

eval s_conp, evecs_conp = np.linalg.eigh(D_conp)

print(f"Conposite eigenvalues ({n_sites**2}): {np.round(evals_conp, 4)}")

beta = 0.5
rho = expm(-beta * D _conp)
rho /= np.trace(rho)

S full = von_neumann_entropy(rho)

rho_A = np.trace(rho.reshape(n_sites, n_sites, n_sites, n_sites), axisl=l, axis2=3)

rho_B = np.trace(rho.reshape(n_sites, n_sites, n_sites, n_sites), axisl=0, axis2=2)

S A full = von_neumann_entropy(rho_A)

S B full = von_neurmann_entropy(rho_B)

print(f"Full: S _AB={S full:.6f}, S A={S_A full:.6f}, S B={S B full:.6f}, "
f'defect={S full-S A full-S_B full:.6f}")

# Truncate at various |levels
sorted_abs = np.sort(np.abs(eval s_conp))



for frac in [0.75, 0.5, 0.25]:
n_keep = max(2, int(len(evals_conmp) * frac))
threshold = (sorted_abs[-n_keep-1] + sorted_abs[-n_keep]) / 2
mask = np. abs(eval s_conp) &gt; threshold
actual = np. sun( mask)
if actual &t; 2 or actual &gt;= len(eval s_conp):
conti nue

V = evecs_conp[:, mask]

rho_t = V.T @rho @V

rho_t /= np.trace(rho_t)

S t = von_neumann_entropy(rho_t)

rho_t_full =V @rho_t @V.T

rho_At = np.trace(rho_t_full.reshape(n_sites,n_sites,n_sites,n_sites), axisl=1, axis2=3)
rho_B t = np.trace(rho_t_full.reshape(n_sites,n_sites,n_sites,n_sites), axisl=0, axis2=2)
S At = von_neumann_entropy(rho_A_t)

S Bt = von_neunann_entropy(rho_B t)

print(f"\n Keeping {actual}/{len(evals_conp)} eigenval ues ({100*actual/len(evals_conp):.0f}%")
kappa = test_kappa_addition(S_t, S At, SBt, f"")

print("\n\n" + "=" * 70)

print("TEST 3: CHECK FOR H FUNCTI ON DEVI ATI ONS")

print("=" * 70)

print("If sinple kappa-addition fails, check Hfunction fornt)
print("Hfunction: S AB = HN{-1}(H(S_A) + H(S_B) - H(S_A)H(S_B)/kappa)")

# For the 3-site chain case, check residuals nore carefully
D single = chain_dirac(3, 1.0)

13 = np. eye(3)

D conp = np.kron(D_single, 13) + np.kron(13, D_single)

eval s_conp, evecs_conp = np.linalg.eigh(D _conp)

beta = 0.5
rho = expm(-beta * D _conp)
rho /= np.trace(rho)

sorted_abs = np.sort(np.abs(eval s_conp))
for n_keep in range(3, len(evals_conp)-1):
threshold = (sorted_abs[-n_keep-1] + sorted_abs[-n_keep]) / 2
mask = np. abs(eval s_conp) &gt; threshold
actual = np. sun( mask)
if actual &t; 2 or actual &gt;= len(eval s_conp):
conti nue

V = evecs_conp[:, mask]

rho_t = V.T @rho @V

rho_t /= np.trace(rho_t)

S t = von_neumann_entropy(rho_t)

rho_t_full =V @rho_t @V.T

rho_At = np.trace(rho_t_full.reshape(3,3,3,3), axisl=l, axis2=3)
rho_B t = np.trace(rho_t_full.reshape(3,3,3,3), axisl=0, axis2=2)
S At = von_neumann_entropy(rho_A_t)

S Bt = von_neunann_entropy(rho_B t)

defect = St - SAt - SBt
if abs(defect) &gt; 1e-10 and abs(S_ At * S B t) &gt; 1le-10:
kappa = -S_ At * S Bt / defect
Spred =S At +SBt-SAt*SBt / kappa
residual = abs(S_pred - S_t)
print(f" n_keep={actual}/9: kappa={kappa:.4f}, "
f"sinpl e-kappa residual ={residual :.2e}, "
f"{"EXACT" if residual &t; 1le-8 else 'DEVIATION }")

Output: outputs/02_031_scaling_test_output.txt

TEST 1: THREE SUBSYSTEMS (2x2x2 = 8-di nensi onal )

--- Couplings: a=1.0, b=1.0, ¢c=1.0 ---
Ei genval ues: [-3. -1. -1. -1. 1. 1. 1. 3.]

Keepi ng 5/ 8 ei genval ues (threshol d=1. 000)

Al BC: S_AB=0.528687, S A=0.245171, S B=0.449144, defect=-0.165628, kappa=0.6648, match=True

AB| C. S _AB=0.528687, S _A=0.474483, S_B=0.108869, defect=-0.054665, kappa=0.9450, match=True

A B (in AB): S_AB=0.474483, S_A=0.245171, S_B=0.188162, defect=0.041150, kappa=-1.1211, nmatch=True

Keepi ng 3/ 8 eigenval ues (threshol d=1.000)
Al BC: S_AB=0.380067, S_A=0.199563, S_B=0.322995, defect=-0.142492, kappa=0.4524, match=True



AB| C: S_AB=0.380067, S A=0.341794, S B=0.059407, defect=-0.021135, kappa=0.9607, match=True
Al B (in AB): S_AB=0.341794, S A=0.199563, S B=0.110698, defect=0.031533, kappa=-0.7006, natch=True

Keepi ng 2/8 eigenval ues (threshol d=2.000)

Al BC: S_AB=0.017311, S A=0.017311, S B=0.017311, defect=-0.017311, kappa=0.0173, match=True

AB| C: S_AB=0.017311, S_A=0.017311, S _B=0.017311, defect=-0.017311, kappa=0.0173, match=True

AlB (in AB): S_AB=0.017311, S _A=0.017311, S_B=0.017311, defect=-0.017311, kappa=0.0173, natch=True

--- Couplings:

a 0 =0.7, ¢=0.4 ---
Ei genval ues: [-2.

, b
-1.3-0.7-0.1 0.1 0.7 1.3 2.1]

Keepi ng 6/8 ei genval ues (threshol d=0.400)

Al BC: S_AB=1.173088, S A=0.273239, S B=1.013178, defect=-0.113330, kappa=2.4428, match=True

AB| C: S_AB-=1.173088, S A=0.659402, S B=0.388792, defect=0.124893, kappa=-2.0527, match=True

A B (in AB): S_AB=0.659402, S_A=0.273239, S _B=0.273239, defect=0.112923, kappa=-0.6612, nmatch=True

Keepi ng 4/8 eigenval ues (threshol d=1.000)

Al BC: S_AB=0.761754, S_A=0.142633, S_B=0.761754, defect=-0.142633, kappa=0.7618, match=True

AB| C: S_AB=0.761754, S _A=0.142633, S_B=0.315796, defect=0.303325, kappa=-0.1485, natch=True

AlB (in AB): S AB=0.142633, S _A=0.142633, S_B=0.142633, defect=-0.142633, kappa=0.1426, match=True

Keepi ng 2/ 8 eigenval ues (threshol d=1.700)

Al BC: S_AB=0.076935, S _A=0.076935, S B=0.076935, defect=-0.076935, kappa=0.0769, match=True

AB| C: S_AB=0.076935, S_A=0.076935, S_B=0.076935, defect=-0.076935, kappa=0.0769, natch=True

AlB (in AB): S_AB=0.076935, S_A=0.076935, S_B=0.076935, defect=-0.076935, kappa=0.0769, natch=True

--- Couplings: a=2.0, b=1.0, ¢=0.5 ---
Ei genval ues: [-3.5 -2.5-1.5 -0.5 0.5 1.5 2.5 3.5]

Keepi ng 6/8 ei genval ues (threshol d=1. 000)

Al BC: S_AB=0.872575, S A=0.105015, S B=0.842068, defect=-0.074508, kappa=1.1868, match=True

AB| C: S_AB=0.872575, S _A=0.345030, S _B=0.242335, defect=0.285211, kappa=-0.2932, match=True

A B (in AB): S_AB=0.345030, S_A=0.105015, S _B=0.105015, defect=0.134999, kappa=-0.0817, natch=True

Keepi ng 4/8 eigenval ues (threshol d=2.000)
Al BC: S_AB=0.599515, S A=0.017311, S_B-=0.599515, defect=-0.017311, kappa=0.5995, match=True

AB| C. S_AB=0.599515, S _A=0.017311, S _B=0.235117, defect=0.347086, kappa=-0.0117, match=True
Al B (in AB): S _AB=0.017311, S_A=0.017311, S_B=0.017311, defect=-0.017311, kappa=0.0173, natch=True

Keepi ng 2/ 8 ei genval ues (threshol d=3. 000)

Al BC: S_AB=0.007289, S A=0.007289, S B=0.007289, defect=-0.007289, kappa=0.0073, match=True

AB| C: S_AB=0.007289, S A=0.007289, S B=0.007289, defect=-0.007289, kappa=0.0073, match=True

A B (in AB): S_AB=0.007289, S_A=0.007289, S _B=0.007289, defect=-0.007289, kappa=0.0073, nmatch=True

TEST 2: 3-SITE CHAIN (individual subsystem = 3x3)

--- 3-site chain, coupling=1.0 ---

Si ngl e subsystem ei genval ues: [-1.4142 -0. 1.4142]

Conposite eigenvalues (9): [-2.8284 -1.4142 -1.4142 -0. -0. 0. 1.4142 1.4142 2.8284]
Full: S _AB=1.901074, S_A=0.950537, S_B=0.950537, defect=-0.000000

Keepi ng 6/ 9 eigenval ues (67%
S AB=1. 427266, S_A=0.830512, S_B=0.830512, defect=-0.233759, kappa=2.9507, match=True

Keepi ng 4/ 9 eigenval ues (44%
S AB=0. 974633, S_A=0.718052, S_B=0.718052, defect=-0.461471, kappa=1.1173, match=True

Keepi ng 2/ 9 eigenval ues (22%
S AB=0. 215272, S_A=0.215272, S_B=0.215272, defect=-0.215272, kappa=0.2153, match=True

--- 4-site chain, coupling=1.0 ---

Si ngl e subsystem ei genval ues: [-1.618 -0.618 0.618 1.618]

Conposi te eigenvalues (16): [-3.2361 -2.2361 -2.2361 -1.2361 -1. -1. -0. -0. -0.
0. 1. 1. 1.2361 2.2361 2.2361 3.2361]

Ful | : S _AB=2.442332, S _A=1.221166, S _B=1.221166, defect=0.000000

Keepi ng 12/ 16 ei genval ues (75%
S AB=2.104715, S_A=1.137740, S_B=1.137740, defect=-0.170765, kappa=7.5803, match=True

Keepi ng 8/ 16 ei genval ues (50%
S AB=1. 643148, S_A=0.980301, S_B=0.980301, defect=-0.317454, kappa=3.0272, match=True

Keepi ng 3/ 16 ei genval ues (19%
S AB=0. 759824, S_A=0.589957, S_B=0.581333, defect=-0.411466, kappa=0.8335, match=True

TEST 3: CHECK FOR H- FUNCTI ON DEVI ATI ONS

I f sinple kappa-addition fails, check Hfunction form



H function:

S_AB = HM-1}(H(S_A)
n_keep=2/9:
n_keep=4/9
n_keep=4/9
n_keep=6/9
n_keep=7/9:

kappa=0
kappa=1
kappa=1
kappa=2
kappa=5

. 2153,
. 1173

. 1173
. 9507,
. 4297,

si npl e- kappa
si npl e- kappa
si npl e- kappa

si npl e- kappa
si npl e- kappa

resi dual =2. 78e- 17
resi dual =0. 00e+00

resi dual =0. 00e+00
r esi dual =0. 00e+00
resi dual =0. 00e+00

+ H(S_B) - H(S_A)H(S B)/kappa)

EXACT
EXACT

EXACT
EXACT
EXACT



Script 03: Epistemic Check

Source: scripts/03_o031_epistemic_check.py

@381 Epistenic Check: Is the kappa-addition fornula tautological ?

Test: For a single bipartite split, kappa is defined fromthe defect.
The formula is trivially satisfied. The NON-TRIVIAL content is:

1. The sign of the defect (always negative for spectral truncation)
2. The nonotonic rel ationship between kappa and truncation fraction
3. Recovery of additivity at full spectrum

Addi tional test: Check whether defect/(-S_A*S_B) gives a CONSI STENT
ratio across different beta values at fixed truncation fraction.

I f kappa depends on beta but the ratio is well-behaved, the
kappa-addition formhas structural content.

inport nunpy as np

fromscipy.linalg inport expm

def von_neumann_entropy(rho):
eigs = np.linalg.eigval sh(rho)
eigs = eigs[eigs &gt; le-15]
return -np.sum(eigs * np.log(eigs))

# Fixed system 3-site chain tensor product (9-dinensional)
def chain_dirac(n, coupling):
D = np.zeros((n, n))
for i in range(n-1):
Dfi, i+1] = coupling
Di+1, i] = coupling
return D

D single = chain_dirac(3, 1.0)

13 = np.eye(3)

D conp = np.kron(D_single, 13) + np.kron(l3, D_single)
eval s, evecs = np.linalg.eigh(D _conp)

print("=== TEST: kappa vs beta at FIXED truncation ===")
print("System 3-site x 3-site chain (9D)")
print(f"Eigenval ues: {np.round(evals, 4)}")

# Keep 4/9 eigenval ues (fixed truncation)

sorted_abs = np.sort(np.abs(evals))

n_keep = 4

threshold = (sorted_abs[-n_keep-1] + sorted_abs[-n_keep]) / 2
mask = np.abs(evals) &gt; threshold

V = evecs[:, mask]

actual _keep = np. sun{ mask)

print(f"\nFixed truncation: keeping {actual _keep}/9 eigenval ues")
print(f"Kept eigenvalues: {np.round(eval s[nmask], 4)}")

print(f"\n{'beta':&gt;8} {'S_AB :&gt;10} {'S_A :&gt;10} {'S B :&gt;10} {'defect':&gt;10} {'S_A*S B':&gt; 10} {' kappa':&gt; 10} {' defect/S_A*S
print("-" * 95)

for betain[0.1, 0.2, 0.5, 1.0, 1.5, 2.0, 3.0, 5.0]:
rho = expm(-beta * D_conp)
rho /= np.trace(rho)

rho_t = V.T @rho @V
rho_t /= np.trace(rho_t)
S AB = von_neunmann_entropy(rho_t)

rho_t _full =V @rho_t @V.T

rho_A = np.trace(rho_t_full.reshape(3,3,3,3), axisl=l, axis2=3)
rho_B = np.trace(rho_t_full.reshape(3,3,3,3), axisl=0, axis2=2)
S A = von_neumann_entropy(rho_A)

S B = von_neunmann_ent ropy(rho_B)

defect = SAB- SA- SB
prod = S A* SB

if abs(prod) &gt; 1le-10 and abs(defect) &gt; 1le-10:

kappa = -prod / defect

ratio = defect / (-prod)

print(f"{beta:8.1f} {S_AB:10.6f} {S A 10.6f} {S_B:10.6f} {defect:10.6f} {prod:10.6f} {kappa:10.4f} {ratio:14.6f}")
el se:

print(f"{beta:8.1f} {S _AB:10.6f} {S A:10.6f} {S B:10.6f} {'~0':&gt;10} {'~0':&gt;10}")

print("\n\n=== CROSS-CHECK: |s kappa-addition the UNI QUE forn® ===")
print("Test alternative: defect = -alpha * (S_A + S_B)")



print("If kappa-addition were NOT the right form the "alpha fit")
print("would give a constant al pha across beta, not kappa.\n")

print(f"{" beta':&gt;8} {'kappa':&gt;10} {'alpha':&gt;10} {'kappa_CV :&gt; 10} {'al pha_CVv :&gt; 10}")
print("-" * 55)

for betain[0.1, 0.2, 0.5, 1.0, 1.5, 2.0, 3.0]:
rho = expm(-beta * D _conp)
rho /= np.trace(rho)

t = V.T @rho @V
_t /= np.trace(rho_t)
S AB = von_neunann_entropy(rho_t)

rho
rho

rho_t_full =V @rho_t @V.T

rho_A = np.trace(rho_t_full.reshape(3,3,3,3), axisl=l, axis2=3)
rho_B = np.trace(rho_t_full.reshape(3,3,3,3), axisl=0, axis2=2)
S A = von_neunann_ent ropy(rho_A)

S B = von_neunmann_ent ropy(rho_B)

defect = SAB- SA- S B

if abs(S_ A* S B) &gt; le-10 and abs(S_ A + S_B) &gt; le-10 and abs(defect) &gt; 1le-10:
kappa -S A* S B/ defect
al pha -defect / (S_A + S_B)
kappas. append( kappa)
al phas. append( al pha)

# Compute coefficient of variation for each

kappas = np. array(kappas)

al phas = np. array(al phas)

kappa_cv = np.std(kappas) / np.nean(kappas)

al pha_cv = np.std(al phas) / np.nean(al phas)

for i, beta in enunerate([0.1, 0.2, 0.5, 1.0, 1.5, 2.0, 3.0]):
print(f"{beta:8.1f} {kappas[i]:10.4f} {al phas[i]:10.4f}")

print(f"\nCoeff of variation: kappa={kappa_cv:.4f}, al pha={al pha_cv:.4f}")
print(f"(Lower = nore constant across beta)")
print(f"\nlf alpha is MORE constant than kappa, then defect ~ (S_A+S B)")

print(f"would be a better nodel than defect ~ S A*S B.")
print(f"If kappa is nore constant, kappa-addition is preferred.")
print(f"If neither is constant, the defect has a nore complex form")

Output: outputs/03_031_epistemic_check_output.txt

=== TEST: kappa vs beta at FIXED truncation ===
System 3-site x 3-site chain (9D)
Ei genval ues: [-2.8284 -1.4142 -1.4142 -0. -0. 0. 1.4142 1.4142 2.8284]

Fi xed truncation: keeping 4/9 eigenval ues
Kept eigenvalues: [-2.8284 -1.4142 1.4142 2.8284]

bet a S_AB S A S B def ect S A*S B kappa defect/S A*S B
0.1 1.361797 1.060301 1.060301 -0.758805 1.124238 1.4816 0. 674951
0.2 1.293892 0.999724  0.999724 -0.705556  0.999447 1.4165 0. 705946
0.5 0.974633 0.718052 0.718052 -0.461471 0.515598 1.1173 0. 895020
1.0 0.568569 0.377590 0.377590 -0.186611 0.142574 0. 7640 1. 308870
1.5 0.352950 0.218211 0.218211 -0.083473 0.047616 0.5704 1. 753040
2.0 0.217230 0.128803 0.128803 -0.040377 0.016590 0. 4109 2.433767
3.0 0.074409 0.042148 0.042148 -0.009887 0.001776 0.1797 5.565316
5.0 0.006850 0.003719 0.003719 -0.000588 0.000014 0. 0235 42. 542727

=== CROSS- CHECK: |s kappa-addition the UNI QUE fornP ===
Test alternative: defect = -alpha * (S_A + S_B)

I f kappa-addition were NOT the right form the "alpha' fit
woul d give a constant al pha across beta, not kappa.

bet a kappa al pha  kappa_CV  al pha_CV
0.1 1. 4816 0.3578

0.2 1. 4165 0.3529

0.5 1.1173 0.3213

1.0 0. 7640 0.2471

1.5 0.5704 0.1913

2.0 0.4109 0.1567

3.0 0.1797 0.1173



Coeff of variation: kappa=0.5489, al pha=0.3623
(Lower = nore constant across beta)

If alpha is MORE constant than kappa, then defect ~ (S_A+S_B)
woul d be a better nodel than defect ~ S_A*S B.

If kappa is nore constant, kappa-addition is preferred.

I'f neither is constant, the defect has a nore conplex form



Script 04: Independent Kappa Test

Source: scripts/04_o031_independent_kappa.py

@1 Cycle 2: Independent kappa prediction test.

Chat GPT' s requirenent: derive kappa fromtruncation paranmeters
BEFORE fitting to the defect, then test whether the prediction
mat ches the observed defect.

Approach 1: kappa fromtruncation fraction f = n_kept/n_total

Approach 2: kappa fromretai ned spectral weight w = sun{||anmbda_kept|)/sun(|lanbda_all]|)
Approach 3: kappa fromthe "non-product-ness” of the truncation nask

Approach 4: Check the actual functional formof the defect

inport numpy as np

fromscipy.linalg inmport expm

from scipy.optimze inport curve_fit

def von_neumann_ent ropy(rho):
eigs = np.linalg.eigval sh(rho)
eigs = eigs[eigs &gt; le-15]
if len(eigs) == 0:
return 0.0
return -np.sun{eigs * np.log(eigs))

def chain_dirac(n, coupling):
D = np.zeros((n, n))
for i in range(n-1):
Dfi, i+1] = coupling
Di+1, i] = coupling
return D

def conpute_defect(D A, D_B, beta, threshold):
""" Conpute entropy defect for a bipartite truncation.
n_A, n_B = D A shape[0], D_B.shape[O0]

I_A |_B = np.eye(n_A), np.eye(n_B)

D conp = np.kron(D_A, |_B) + np.kron(I_A D_B)
eval s, evecs = np.linalg.eigh(D _conp)

# Full thernal state
rho = expn(-beta * D_conp)
rho /= np.trace(rho)

# Full entropies

S full = von_neumann_entropy(rho)

rho_A = np.trace(rho.reshape(n_A n_B, n_A n_B), axisl=l, axis2=3)
rho_B = np.trace(rho.reshape(n_A, n_B, n_A n_B), axisl=0, axis2=2)
S A full = von_neumann_entropy(rho_A)

S B full = von_neurmann_entropy(rho_B)

# Truncate

mask = np.abs(evals) &gt;= threshold

n_kept = np. sun{nask)

if n_kept &t; 2 or n_kept &gt;= len(evals):
return None

V = evecs[:, mask]

rho_t = V.T @rho @V

rho_t /= np.trace(rho_t)

S AB = von_neunmann_entropy(rho_t)

rho_t _full =V @rho_t @V.T

rho_At = np.trace(rho_t_full.reshape(n_A,
rho_B t = np.trace(rho_t_full.reshape(n_A,
S A = von_neumann_entropy(rho_A t)

S B = von_neumann_entropy(rho_B_t)

n_B, n_A n_B), axisl=1l, axis2=3)
n_B, n_A n_B), axisl=0, axis2=2)

defect = SAB- SA- SB
nutual _info = -defect # I(AB) =S A+ SB- S AB

# Conpute truncation paraneters
frac = n_kept / len(evals)
spectral _wei ght = np.sun(np. abs(eval s[mask])) / np.sun{np.abs(evals))

# Thermal weight retained
wei ghts = np.exp(-beta * np.abs(evals))
ther mal _wei ght = np. sum(wei ght s[ mask]) / np. sun{wei ghts)

return {



'"SAB: SAB 'SA: SA 'SB: SB

"defect': defect, 'nmutual _info': mutual _info,

‘frac': frac, 'n_kept': n_kept, 'n_total': len(evals),

'spectral _weight': spectral _weight,

"thermal _wei ght': thermal _weight,

‘kappa': -S_A* S B/ defect if abs(defect) &gt; le-10 and abs(S_A*S B) &gt; 1le-10 else float('inf"),

'S Afull': SAfull, "SBfull': SBfull, "Sfull': S full
}
#
# SCAN: Col |l ect data across many configurations
#

print("=" * 80)
print (" COLLECTI NG DATA ACROSS CONFI GURATI ONS")
print("=" * 80)

results =[]

for n_sites in [2, 3, 4]:
D single = chain_dirac(n_sites, 1.0) if n_sites &t; 1 else np.array([[O0, 1], [1, 0]])
eval s_single = np.linalg.eigval sh(D_single)
n_conp = n_sites ** 2

I_n = np.eye(n_sites)
D conp = np.kron(D_single, |I_n) + np.kron(l_n, D_single)
eval s_comp = np.linalg.eigval sh(D_conp)
sorted_abs = np.sort(np.abs(eval s_conp))
for beta in [0.3, 0.5 1.0, 2.0]:
# Try different truncation levels
for n_keep_target in range(2, n_conp):
if n_keep_target &gt;= n_conp:
conti nue
# Find threshold
uni que_abs = np. uni que(np.round(sorted_abs, 8))
threshol d = None
for t in np.linspace(0.01, np.max(np.abs(evals_conp)) + 0.1, 200):
actual = np.sun(np.abs(eval s_conp) &gt;=1)

if actual == n_keep_target:
threshold =t
br eak

if threshold is None:

conti nue

r = conpute_defect(D_single, Dsingle, beta, threshold)
if r is not None and abs(r['defect']) &gt; 1le-10:
r['n_sites'] = n_sites
r['beta'] = beta
resul ts. append(r)

print(f"\nCollected {len(results)} data points\n")

#
# ANALYSIS 1: Does kappa follow a clean | aw?
#
print("=" * 80)
print("ANALYSIS 1: kappa vs truncation fraction")
print("=" * 80)

fracs = np.array([r['frac'] for r in results])
kappas = np.array([r[' kappa'] for r in results])
valid = np.isfinite(kappas) &anp; (kappas &gt; 0)

print(f"\n{'frac':&gt;8} {'kappa':&gt;10} {'n_sites':&gt;8} { ' beta':&gt;8}")
print("-" * 40)
for r in sorted(results, key=lanbda x: x['frac']):
if np.isfinite(r['kappa']) and r[' kappa'] &gt; O:
print(f"{r['frac']:8.3f} {r['kappa']:10.4f} {r['n_sites']:8d} {r['beta']:8.2f}")

#

# ANALYSIS 2: Functional formof the defect
#

print("\n" + "=" * 80)

print("ANALYSIS 2: Wat function best describes the defect?")
print("=" * 80)

For each data point, conpute:

- defect / (S_A* S B) = -1/kappa

- defect / (S_ A+ S_B) = -alpha

- defect / sqrt(S_A* S B) = -gammm

- defect / max(S_A, S_B) = -delta

- mutual _info / S_AB = relative coupling

print(f"\n{"'frac':&gt;6} {'beta':&gt;5} {'I/S _A*S B :&gt;10} {'I/(S_A+S_B)':&gt; 12} "

B W HH W



for r in sorted(results,

f*{"1/sqrt(prod)':&gt;12} {'1/S_AB :&gt;8} {'I/S full':&gt;8}")
print("-" * 75)

if abs(r['S_A']
conti nue
I_ab = r['mutual _info']
(r[*S.A] * r[
(r["S AT +r["

ratiol
ratio2
rati o3
rati o4
rati o5

ab /

S

QD
o T UTOT

/
/
/
/

Q

if r['n_sites']

*r['SB]) &t;

np. sqrt(

r['SA

r['SAB] if r]

r["S_ful

1] if

key=l anbda x:

1

== 3 and r['beta']

(x['n_sites'], x['frac'], x['beta'])):

e-10:

]) # kappa-addition form
']) # additive form
rl

'S B]) # geonetric nean form

&gt ;

gt; le-10 else O
"1

le-10 else O

== 1.0: # Focus on one system
print(f"{r["frac']:6.3f} {r['beta']:5.1f} {ratiol:10.4f} {ratio2:12.4f} "

f"{ratio3:12.4f} {ratio4:8.4f} {ratio5:8.4f}")

#

# ANALYSI S 3: The npbst stable ratio

#
prin

t("\n" + "=" * 80)
print("ANALYSIS 3: Wiich ratio is npbst stable across beta (at fixed truncation)?")
print("=" * 80)

# For 3-site system fix truncation at 4/9
target_results
if target_results:

rl
r2
r3
r4

print("\n3-site chain,

print(f"
print(f"
print(f"
print(f"

=[r for r inresults if

[r['mutual _info']
[r[' mutual _info']
[r['mutual _info']
[r['mutual _info']

/
/
/
/

11(S_A*S B)

1/ (S_A
I/sqrt
1/S_AB

+S_B)
(8+9)

(r["S_A']

(r['S.A] +r['SB]) for r in target_results if
np.sqrt(r['S_A']
r['S_AB'] for

* r['S_B]) for r in target_results if r['"S_ A]*r['S_
r[*S. Al+r['S
*r['S_ B]) for r in target_results if r["S A]*r['S B] &gt;
rintarget_results if r['S_AB] &gt; 1le-10]

keepi ng 4/ 9 ei genval ues,

mean={np. mean(r1l):.4f},
nmean={np. mean(r2):.4f},
nmean={np. nean(r3):.4f},
mean={np. mean(r4):.4f},
print(f"\nLowest CV = npbst stable ratio = best functional formfor the defect")

r['n_sites']

== 3 and r['n_kept'] == 4]

varying beta:")
std={np.std(r1):.4f}, Cv={np.std(rl)/np.
std={np.std(r2):.4f}, Cv={np.std(r2)/np.
)
)

std={np.std(r3):.4f}, Cv={np.std(r3)/np.
std={np.std(r4):.4f}, Cv={np.std(r4)/np.

Output: outputs/04_o031_independent_kappa_output.txt

COLLECTI NG DATA ACROSS CONFI GURATI ONS

Col | ected 28 data points

ANALYSI S 1: kappa vs truncation fraction
frac kappa n_sites bet a
0.125 0.3777 4 0. 30
0.125 0.1610 4 0.50
0.125 0.0115 4 1.00
0.125 0. 0000 4 2.00
0.222 0. 4310 3 0. 30
0.222 0.2153 3 0.50
0.222 0.0232 3 1.00
0.222 0. 0002 3 2.00
0.375 1.9149 4 0.30
0.375 1.9327 4 0.50
0.375 3.2320 4 1.00
0.375 8.8122 4 2.00
0. 500 0.5411 2 0. 30
0. 500 0. 3653 2 0.50
0. 500 0.0901 2 1.00
0. 500 0. 0030 2 2.00
0. 500 2.7859 4 0. 30
0. 500 3.0272 4 0.50
0. 500 6. 7052 4 1.00
0.500  103. 6067 4 2.00
0.667 2.9321 3 0.30
0. 667 2.9507 3 0.50
0. 667 3.8146 3 1.00
0.667 10. 7068 3 2.00
0. 750 6.9520 4 0.30
0. 750 7.5803 4 0.50
0. 750 12. 2567 4 1.00
0. 750 58.1713 4 2.00

B'] &gt;
B'] &gt;

mean(rl):.
nmean(r2):.
nmean(r3):.
mean(r4):.

1le-10]
le-10]

le-10]



ANALYSI S 2: What function best describes the defect?

frac beta I|/S_A*S B I1/(S_A+S_B) I/sqrt(prod) I/S AB I/S full

0.222 1.0 43. 1392 0. 5000 1. 0000 1.0000 0.0177
1.0 0.2622 0.0678 0.1355 0.0727 0. 0534

ANALYSI S 3: Wiich ratio is npbst stable across beta (at fixed truncation)?




Script 05: Analytical Formula

Source: scripts/05_031_analytical_formula.py

@81 Analytical Result: Exact fornula for mutual information
from spectral truncation of product thernmal states.

For a product state rho = rho_A x rho_B with product eigenbasis |ij&gt;,
spectral truncation keeping set V = {(i,j) : |lanmbda_i + mu_j| &gt;= theta}
gi ves:

I(AB) =InZV- &t;In QRgt; _A- &t;ln P&gt;_B

wher e:
ZV =sum{(i,j) inV} p_i g (retained thermal weight)
Qi =sum{j in V(i)} aj (B-wei ght accessible fromA-state i)
Pj =sum{i in V(j)} p_i (A-wei ght accessible fromB-state j)

&t;ln Qgt; _A=(1/Z_V) sumi p_i Qi In Qi
&t;In P&t; _B = (1/Z_V) sumj q_j Pj In Pj

This is EXACT, not an approximation. The key insight:

- If Vis a product set, Qi is constant across i =&gt; I(A'B) =0

- If Vis NOT a product set, Qi varies =&gt; I(A:B) &gt; 0

- The non-product-ness of the truncation mask IS the source of correlation

Let's verify this analytically against numerical conputation.

inport numpy as np
fromscipy.linalg inmport expm

def chain_dirac(n, coupling):
D = np. zeros((n, n))
for i in range(n-1):
Dli, i+1] = coupling
Dli+1, i] = coupling
return D

print("=== ANALYTI CAL FORMULA VERI FI CATI ON ===\n")

for n_sites, beta, keep_frac_label in [(2, 1.0, "2/4"), (3, 0.5, "4/9"), (4, 0.5, "8/16")]:
D = chain_dirac(n_sites, 1.0)
eval s_A = np.linalg.eigval sh(D
eval s_B = eval s_A. copy()
n_A =n_B = n_sites

# Thermal weights

p = np.exp(-beta * eval s_A)

p /= np.sun(p)

q = np.exp(-beta * eval s_B)

q /= np.suna)

# Conposite eigenval ues and truncation mask

conp_eval s np. add. out er (eval s_A, evals_B).flatten()
sorted_abs np. sort (np. abs(conp_eval s))

# Choose truncation to match | abel

if n_sites == 2:
n_keep = 2
elif n_sites ==
n_keep = 4
el se:
n_keep = 8

threshol d = (sorted_abs[-n_keep-1] + sorted_abs[-n_keep]) / 2 if n_keep &t; len(conp_evals) else 0

# Build the mask as a 2D array
mask_2d = np. abs(np. add. outer(eval s_A, evals_B)) &gt;= threshold

print(f"--- {n_sites}-site chain, beta={beta}, keeping ~{n_keep}/{n_sites**2} ---")
print(f"Truncation mask (i=A rows, j=B cols):")
print(mask_2d. astype(int))

# Check: is the mask a product set?

# A product set has the formV_A x V_B
rows_active np. any(mask_2d, axis=1)

col s_active np. any(mask_2d, axi s=0)

product _mask = np.outer(rows_active, cols_active)
is_product = np.all(mask_2d == product _nask)
print(f"ls product set: {is_product}")

# Conpute anal ytical quantities



ZV=0

Q= np.zeros(n_A) # Qi =sum{j in V(i)} aj
P = np.zeros(n_B) # P_j = sum{i in V(j)} p_i
for i in range(n_A):

for j in range(n_B):

if mask_2d[i, j]:
ZV +=p[i] * q[j]

di] +=aljl

PLj] += pli]

# Anal ytical nutual information

avg_In_Q =0
for i in range(n_A):
if il &gt; O:

avg_In_Q += p[i] * (i] * np.log(Qi])
avg_In_Q/= 272V

avg_In_P =0
for j in range(n_B):
if P[j] &gt; O:
avg_In_P +=q[j] * P[j] * np.log(P[j])
avg_In_P /= 272V

| _analytical = np.log(Z_V) - avg_In_Q- avg_In_P

# Nunerical verification

I_n = np.eye(n_sites)

D conp = np.kron(D, |_n) + np.kron(l_n, D)
rho = expm(-beta * D_conp)

rho /= np.trace(rho)

eval s_c, evecs_c = np.linalg.eigh(D_conp)
mask_flat = np.abs(evals_c) &gt;= threshold
V = evecs_c[:, mask_flat]

rho_t = V.T @rho @V

rho_t /= np.trace(rho_t)

eig_t = np.linalg.eigval sh(rho_t)
eig_t = eig_t[eig_t &gt; le-15]

S AB = -np.sun(eig_t * np.log(eig_t))

rho_t_full =V @rho_t @V.T

rho_A = np.trace(rho_t_full.reshape(n_sites,n_sites,n_sites,n_sites), axisl=1, axis2=3)
rho_B = np.trace(rho_t_full.reshape(n_sites,n_sites, n_sites,n_sites), axisl=0, axis2=2)
eig_A = np.linalg.eigval sh(rho_A); eig_A = eig_Aleig_A &t; le-15]

eig_B = np.linalg.eigval sh(rho_B); eig_B = eig_B[eig_B &t; 1le-15]

S A= -np.sun(eig_A * np.log(eig_A))

S B = -np.sun{eig_B * np.log(eig_B))

| _numerical = S A+ SB- SAB

print(f"l1 (A B) analytical = {I_analytical:.10f}")

print(f"I (A B) nunmerical = {I_nunerical:.10f}")

print(f"Match: {abs(l_analytical - | _nunerical) &t; le-8}")

print(f"Q values: {@")

print(f"P values: {P}")

print(f"Q variation (CV): {np.std(Q Qgt;0])/np.mean(f Q&gt;0]):.4f}" if np.any(Q&gt;0) else "")
print()

print("\n=== KEY | NSI GHT ==="

print("The nmutual information | (A'B) =1In Z V- &t;ln Qgt;_A - &t;In P&t;_B")
print("is EXACTLY the Jensen gap neasuring the non-uniformty of Qi and P_j.")
print("Wen Vis a product set, Qi = const =&gt; gap = 0 =&gt; | = 0.")
print("Wen V is NOT a product set, Q.i varies =&gt; gap &jt; 0 =&gt; | &gt; 0.")
print("The SOURCE of truncation-induced correlation is the")

print("non-product geonetry of the truncation nask.")

Output: outputs/05_031_analytical_formula_output.txt

=== ANALYTI CAL FORMULA VERI FI CATI ON ===

--- 2-site chain, beta=1.0, keeping ~2/4 ---
Truncation mask (i=A rows, j=B cols):
[[10]
[0 1]]
I's product set: False
I (A:B) analytical = 0.0900947678
I (A:B) numerical = 0.0900947678
Mat ch: True
Q val ues: [0.88079708 0.11920292]
P val ues: [0.88079708 0.11920292]
Qvariation (CV): 0.7616



--- 3-site chain, beta=0.5, keeping ~4/9 ---
Truncation mask (i=A rows, j=B cols):
[[100]

[0 0 1]

[011]]
I's product set: False
I (A:B) analytical = 0.6069288341
I (A:B) nurerical = 0.2152715693
Mat ch: Fal se
Q val ues: [0.57597535 0.14002925 0.42402465]
P val ues: [0.57597535 0.14002925 0.42402465]
Qvariation (CV): 0.4754

--- 4-site chain, beta=0.5, keeping ~8/16 ---
Truncation mask (i=A rows, j=B cols):
[[1 10 0]
[1100]
[0011]
[0 01 1]]
I's product set: False
I (A:B) analytical = 0.3174536385
I (A:B) nunerical = 0.3174536385
Mat ch: True
Q val ues: [0.75362386 0.75362386 0.24637614 0.24637614]
P val ues: [0.75362386 0.75362386 0.24637614 0.24637614]
Qvariation (CV): 0.5072

=== KEY | NS| GHT ===

The mutual information I(A'B) =1In Z V- &t;ln gt; _A- &t;In P&gt;_B
is EXACTLY the Jensen gap neasuring the non-uniformty of Qi and P_j.
When V is a product set, Qi = const =&gt; gap = 0 =&gt; | = 0.

When V is NOT a product set, Q. varies =&gt; gap &gt; 0 =&gt; | &gt; O.
The SOURCE of truncation-induced correlation is the

non- product geonetry of the truncation nask.
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