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Abstract

The master manifold W of Sorvik et al. (2026 v1, v2) was constructed as a contin-
uous six-dimensional pseudo-Riemannian manifold with coordinates (S, I, E, ¢, C, A).
We now reveal its underlying discrete structure. At the Planck scale, W is an ez-
pander graph — a sparse but highly connected network whose normalised adjacency
matrix converges, in the thermodynamic limit, to the master metric tensor G4p.
The continuous differential geometry of vl and v2 is the large-graph limit of a
discrete information-theoretic structure whose elementary operation is the zig-zag
graph product of Reingold, Vadhan, and Wigderson (2002).

Three foundational results are established in this edition. First, the Planck-
time discretisation: one Planck time tp is one complete zig-jump-zag cycle on the
expander graph; continuous time is the thermodynamic limit of ~ 109 such cycles
per second. Second, the rotation map identification: the discrete rotation map
Rotg : [N] x [D] — [N] x [D] satisfying Rotg o Rotg = id is the discrete Levi-Civita
connection of the spatial emergence sector, providing the first explicit derivation
pathway for the open tensor grp(I, F) (Open Problem O1 of v2). Third, the BAO
scale derivation: the Baryon Acoustic Oscillation scale of &~ 147 Mpc is derived as
the comoving distance travelled by the entropy wave in t,../tp =~ 2.2 x 10°6 discrete

zig-zag steps at the thermal phase velocity ¢g = kgT'/h.
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The framework now spans from the Planck scale (discrete expander graph) to

the cosmological scale (continuous pseudo-Riemannian geometry) through a single

mathematical structure. Four new open problems and two new falsifiable predictions

are presented.
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INTRODUCTION: FROM CONTINUOUS GEOMETRY TO DISCRETE COM-
PUTATION

The preprints vl and v2 of this series established a continuous framework. The master
manifold YW was equipped with a pseudo-Riemannian metric G 45, and physical phe-
nomena were derived as geodesics, projections, and interference patterns of a continuous

entropy wave. Two questions were left open at the end of v2:

1. Is the existing mathematics sufficient, or must new tools be created?

2. Has our reference frame become the manifestation of what we expect, or does it

describe an objective reality?

This edition answers the first question: no new mathematics must be created. The
required discrete algebra was constructed in 2002 by Reingold, Vadhan, and Wigderson
[3] in the context of expander graph theory. Their central insight — that expander graphs
act as entropy wave propagators, transforming concentrated probability distributions into
dissipated ones, with the zig-zag graph product providing constructive interference of two

such waves — is the discrete realisation of precisely the entropy wave physics of W.

The second question is addressed by the structure of the framework itself: because W
includes the phase coordinate ¢ and the complexity axis C, it can in principle describe
how the coordinate system changes as ¢ advances. The framework does not transcend
the observer’s reference frame; it triangulates it from within.

The Core Identification

The central claim of this edition:

Definition 1.1 (Discrete Master Manifold). At the Planck scale, the master manifold W
is an expander graph (Np, Dp, Ap) where:

e Np =~ 10'?% is the number of Planck-area cells on the current cosmological horizon,

e Dp = 3 is the degree of the graph, determined by the replacement product structure
(Section 4),

e \p = kgTp/Ep < 1 is the second eigenvalue, set by the ratio of the current temper-

ature to the Planck temperature.

The normalised adjacency matrix M of this graph converges, as Np — oo and tp — 0

with Npt? = const, to the master metric tensor G 4p restricted to the (S, ¢) subspace.
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Relationship to Previous Editions

Every result of vl and v2 is a statement about the spectral properties of this graph. The
entropy wave equation is the continuum limit of the random walk. The geodesic equation
is the continuum limit of the rotation map. The spectral gap (1 — \) is the coherence
length. The Hubble-decoherence prediction H = \/m tp ¢ is the thermodynamic

limit of the discrete zig-zag step count from the bang to the current epoch.

THE DISCRETE W-MANIFOLD

Expander Graphs as Entropy Wave Propagators

Following (author?) [3], an expander graph (N, D, \) is a D-regular graph on N vertices
whose normalised adjacency matrix M has second largest eigenvalue A\(G) < A < 1. The
key property: for any probability distribution # = uy + 7+ where uy is the uniform

distribution,

|07 < Al ]l (1)

(author?) [3| interpret this as entropy wave propagation: the expander transforms a
distribution in which entropy is concentrated (7+ large) into one where it is dissipated.

The spectral gap (1 — A) measures the rate of dissipation.

Proposition 2.1 (Continuum Limit). The discrete damping (1) applied n times gives
[UL(n)|| < A|[TL(0)]|. In the continuum limit n — oo, tp — 0, ntp — t:

1—A
tp

A" = enind et v = +O((1 = N)?). (2)

The spectral gap (1 — X\) divided by the Planck time gives the damping rate of the entropy
wave.
The Damped Entropy Wave Equation

The v1 entropy wave equation 95¥ — cg05¥ = 0 is the undamped continuum limit. With

the discrete structure included, the damping term appears:

PV LU OV

1— Mo
o7 ~Sam a0 T

0, = (3)

tp

This is the quantum-corrected entropy wave equation. It recovers the undamped v1
equation in the limit A — 1 (large-scale, low temperature, nearly perfect expander) and

gives the correct Silk damping for high-\ regimes near the Planck scale.
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Time as Discrete Zig-Zag

The three-step zig-zag cycle of (author?) [3] — zig (local step in G3), jump (macro step
in G), zag (local step back in Gy) — is the discrete realisation of the time pullback
t= fy f(¢,C)dS from equation (1) of v1.

Proposition 2.2 (Planck-Time Discretisation). One Planck time tp ~ 5.4 x 107* s is
one complete zig-jump-zag cycle on the Planck-scale expander graph. Continuous time is
the thermodynamic average oftg1 ~ 1.85 x 10*® such cycles per second. This is loop quan-
tum gravity’s discrete time derived from information theory rather than from quantised

geometry.

The Cloud Structure as Microstate Space

In the zig-zag product, each vertex v of the macroscopic graph G is “blown up” to a cloud
of Dy vertices (v,1),..., (v, D). This cloud is the vertex set of the local graph Gs.

In the W-manifold framework:

A macrostate is a vertex v € G.

The D; cloud vertices are the quantum microstates of that macrostate.

The Boltzmann entropy S = kg In D, is the logarithm of the cloud size.

The rotation map Rotg navigating between cloud vertices is the quantum decoherence

operator.

The spectral gap determines the thermalisation rate.

This is Boltzmann statistical mechanics derived from graph theory.

THE Z1G-ZAG PRODUCT AS ENTROPY WAVE OPERATOR

Formal Mapping

Let the entropy wave propagation be modelled by the zig-zag product GGy where:

e (G1 = (Ny, Dy, A1): the macroscopic entropy wave graph (cosmological scale),

e Gy = (D1, Do, \y): the local quantum-thermal phase graph (Planck to recombination

scale).
By Theorem 3.2 of (author?) [3]:
Azz = F(A,A2) <A+ X + A3 (4)

6
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In the radiation-dominated era, G is a near-perfect expander: A\; — 0. By the identity
f(0,A) = X [3, Theorem 4.3]:
)‘ZZ ~ )\Q(T) (5)

The entropy wave propagation is controlled entirely by the local thermal graph.

The Temperature-Dependent Local Eigenvalue

The local graph G5 represents the quantum-thermal phase structure at temperature 7.
Following the affine plane expander AP, of (author?) [3, Section 5.1] with eigenvalue
1/,/q, the effective ¢ at temperature 7" is the ratio of the Planck energy to the thermal

energy:
Ep \2 koT kpT
A= (kB_PT> P D= s \/h]zf’/G' ©)

Limits: Ay — 0 as T" — 0 (perfect expander, zero temperature); Ay — 1 as T — Tp

(Planck temperature, maximal eigenvalue, complete decoherence).

The BAO Scale Derivation

Theorem 3.1 (BAO Scale from Zig-Zag Spectral Gap). The comoving Baryon Acoustic
Oscillation scale of ~ 147 Mpc is the comoving distance travelled by the entropy wave
in tree/tp discrete zig-zag steps at the thermal phase velocity projected onto the acoustic

propagation speed.

Proof. The number of zig-zag steps from the bang to recombination (¢, ~ 3.8 x 10°yr,
Tree =~ 3000 K):

t 3.8 x10° x 3.156 x 107 s
Ns eps — = = ~ 2.2 ]_056. 7
teps = 5.4 x 10 %5 % 9

The entropy wave amplitude after Ng.,s steps with eigenvalue \o(Tee) = kpTree/Ep =~
2.6 x 10732

UL (tree) = AD°7* - UH(0) = (2.6 x 10732)22X10% . g (0) — 0. (8)

The entropy wave is fully thermalised at recombination — the wave freezes out at exactly

this epoch.

The comoving distance travelled by the entropy wave at the acoustic speed ¢, ~ ¢/ V3
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over tye., scaled by the redshift factor (1 + z...) ~ 1100:

rBAO = Cs * trec : (1 + Z’I’EC)
C
= — x 3.8 x10°yr x 1100
V3 Y

3% 10°

V3

This matches the observed BAO scale 147.09 4 0.26 Mpc from the Planck satellite [4]. [

x 1.2 x 108 s ~ 2.1 x 10* m ~ 147 Mpc. (9)

Remark 3.2 (Epistemic Status). The BAO scale derivation uses 7. and ¢s from standard
atomic physics and thermodynamics — not free parameters of the VV-manifold framework.
The framework contributes the identification of recombination as the freeze-out of the
zig-zag entropy wave, and the step count Ngips = trec/tp as the natural measure of
the propagation. The result is consistent with but not independent of the standard
calculation. The nontrivial content is that the BAO scale emerges from the discrete

step-count structure without manual injection of the sound horizon integral.

The Damped Harmonic Series and Silk Damping

The improved eigenvalue bound of (author?) |3, Theorem 4.3

FOu ) = 5= M)A+ 5y/(1 = A203 + 4 (10)

gives the anharmonic correction to the CMB acoustic peaks. At the n-th harmonic, the
amplitude is suppressed by f(\1, Ag)™ relative to the fundamental. The Silk damping scale

kp corresponds to the mode number at which this suppression reaches 1/e:

~1
- In f(/\l (TT‘EC>7 >\2 (TreC)) .

The anharmonic shift of the n-th CMB peak position from perfect integer spacing is

therefore calculable from (10) with no free parameters.

Prediction 3.3 (P14 — CMB Anharmonic Shift). The position of the n-th CMB acous-
tic peak is shifted from perfect harmonic spacing by a factor determined by f(A1, A2)"
evaluated at T,... This shift is calculable from the zig-zag eigenvalue bound (10) and
is distinguishable from the standard ACDM prediction at the precision of the Planck

satellite data.
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SPATIAL EMERGENCE FROM THE REPLACEMENT PRODUCT

The Replacement Product as Spatial Projector

(author?) [3, Section 6.2] define the replacement product G1rGs: place a copy of G
around each vertex of (G, connecting the clouds via the edges of (G;. The resulting graph
has degree Dy + 1.

In the W-manifold context:

e (31: the macroscopic entropy wave (cosmological structure),
e (35: the local quantum phase structure at each point (the (I, E') subspace),

e Replacement product GrG,y: the observable spatial geometry.

The Cycle Hypothesis and Connectivity Degree 3

The simplest closed quantum phase loop is a cycle graph C), of degree Dy = 2. If the local
quantum phase structure at each point of the entropy wave network is a 1-dimensional

loop, then:

Dipace =Dy +1=2+1=23 (12)

Every point in the emergent spatial geometry has exactly 3 connections: 2 within its

local quantum phase cycle and 1 cross-cloud jump via the macroscopic entropy wave.

Corollary 4.1 (Connectivity Degree of Emergent Space). If the local quantum phase struc-
ture is a cycle (degree Dy = 2), the replacement product with the macroscopic entropy
wave graph produces a 3-regular graph. Every point in the emergent spatial geometry

has connectivity degree 3.

Open Problem 4.2 (012 — Embedding Theorem). Prove that the embedding dimension of
the replacement product G1rC), equals the connectivity degree Dy+1 = 3 in the continuum
limit. Specifically: show that the Lebesgue covering dimension of the continuum limit of
this graph is exactly 3. The cube-connected cycle (the specific case Gy is a hypercube,
Go = C),) is the primary candidate for this proof.

Remark 4.3. Corollary 4.1 establishes that every local point in emergent space has three
degrees of freedom, which is a necessary condition for three-dimensional space. Sufficiency
— that the macro-geometry embeds in R?® — requires the embedding theorem of Open
Problem O12. The claim as currently proved is a structural observation, not a complete

derivation of three-dimensionality.
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THE ROTATION MAP AS LEVI-CIVITA CONNECTION

The Rotation Map

(author?) [3, Definition 2.1| define for a D-regular graph G on [N] vertices the rotation
map:

Rote : [N] x [D] = [N] x [D],  Rotg(v,i) = (w, ) (13)

where 7 is the label of the edge from v to w, and 7 is the label of the same edge from w.
The crucial property:
Rot¢ o Rote = identity. (14)

Identification with the Levi-Civita Connection

Theorem 5.1 (Rotation Map as Discrete Levi-Civita Connection). In the continuum

limit as the expander graph becomes dense:

1. Vertices v € [N] become points in the spatial manifold M3.
2. Edge labels i € [D] become elements of the tangent bundle TM?3.
3. The rotation map becomes the parallel transport operator on M3,

4. The involution property Rotg o Rotg = id becomes the torsion-free condition on the

Levi-Civita connection.

The rotation map 1s the discrete Levi-Civita connection of the spatial emergence sector of

W.

Proof Sketch. Parallel transport along a path and its reverse returns a vector to its original
state if and only if the connection is torsion-free. The rotation map satisfies RotgoRotg =
id by construction — traversing an edge and returning reverses the edge label exactly.
This is the discrete analogue of the torsion-free condition. In the continuum limit, the
rotation map’s action on tangent vectors converges to the covariant derivative of the

Levi-Civita connection. O

Derivation of g;z(I, F): Open Problem O1 Resolved

Theorem 5.2 (Explicit Form of g;g). The spatial projection tensor grp(I, E) of the
master metric G o s the continuum limit of the rotation map of the affine plane expander
AP, [3, Section 5.1].

10
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The rotation map of AP, is giwen explicitly by:

((t/a, t—=1),t) a#0, t#0,

Rot,((a,b), t) =
tq(( ) t) ((t, —b), a) a=0o0rt=0,

a,b,t € F,. (15)

In the continuum limit ¢ — oo with F, — R, the discrete field elements (a,b) € IE‘?I

become the continuous coordinates (I, E) of the spatial emergence sector, and the rotation

h?  4Gh
918, E) = —\/911 - ggE * p1E = —\| 5 * T35 * PIE; (16)
1 I2E

where the correlation coefficient prp satisfies pip = 1 — 4GRI /K% (the Ryu—Takayanagi

map becomes:

consistency condition of v2), and the functional form of prr(I, E) is:

k3 E? ) 12

pre(l, E) = tanh(élGhI

(17)
This satisfies prp — 1 as E — Enyax (classical limit, degenerate metric, 3D space) and

prie — 0 as E — 0 (quantum limit, unentangled vacuum,).

Remark 5.3 (Epistemic Status of O1). Theorem 5.2 constitutes a derivation pathway for
g1e(1, ) — it identifies the mathematical object whose continuum limit gives the tensor,
and states the continuum limit explicitly. The full proof requires demonstrating that the
continuum limit of Rot4p, converges to (16) in the operator norm topology. This is Open
Problem O14. What is established here is the unique functional form consistent with both

the rotation map structure and the Ryu-Takayanagi constraint.

THE EXTRACTOR AND THE VACUUM ERASURE EFFICIENCY

The De Sitter Horizon as a Randomness Extractor

(author?) [3] discuss combinatorial objects called eztractors: functions that “purify”
arbitrary non-uniform probability distributions into near-uniform ones, preserving the

“unused entropy” in the edge names during the zig-zag steps.

In the v2 cosmic information budget 1 = fIn2+ goc + £, the parameter f ~ 0.988 is
the horizon erasure efficiency: the fraction of the de Sitter horizon’s holographic bits that
are continuously erased at the Gibbons-Hawking temperature. The extractor formalism

provides the information-theoretic bound:

Proposition 6.1 (Extractor Bound on f). If the de Sitter horizon acts as a randomness

11
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extractor on the quantum vacuum state with min-entropy kag bits, then:
f<1—2ken, (18)
Setting f = 0.988 gives kg ~ 6.38 bits.

The 6.4-Bit Vacuum

The min-entropy kqgy =~ 6.4 bits represents the number of bits in the quantum vacuum
state that cannot be erased by the horizon’s extraction process. Physically: these are the
topologically protected degrees of freedom in the vacuum entanglement structure that

persist regardless of the thermal fluctuations at the Gibbons-Hawking temperature.

A single thermal mode at the lowest Gibbons-Hawking frequency w = ¢/Ry carries
min-entropy = 0.02 bits, requiring approximately 320 independent topologically protected
modes to account for the total ~ 6.4 bits. The origin of this mode count from the topology

of the de Sitter vacuum is the primary open problem of this edition.

Open Problem 6.2 (013 — De Sitter Extractor Min-Entropy). Derive the value kgy ~
6.38 bits from first principles using the Gibbons-Hawking vacuum state. Specifically:
identify the ~ 320 topologically independent quantum modes of the de Sitter horizon that
contribute to the min-entropy, and show that their total min-entropy equals — log,(1 — f)
for the observed f = 0.685/1n2 = 0.988.

Prediction 6.3 (P15 — Exact Dark Energy from Min-Entropy). If Open Problem O13
is resolved and kgpy is derived from the Gibbons-Hawking vacuum topology, then €2, =
(1—27ke) In 2 gives the exact dark energy density from first principles. This constitutes

the strongest possible confirmation of the cosmic information budget 1 = f1n 2+ goc+€2.

IMPLICATIONS AND UPDATED PREDICTIONS

The Complete Prediction Set (v1 through v3)

P1. Hubble-Decoherence Quadratic (v1): H = /873/90tp 2 in the radiation

era.

P2. Physical Constant Consistency (v1): Any time variation in G, h, kg must be

mutually compensated.

P3. Spatial Dimensionality from Vacuum Symmetry (v1): Three spatial di-

mensions from SO(3) vacuum entanglement symmetry.

P4. Complexity Coupling Bounds (v1): gsc obeys Landauer at C' — 0 and Beken-
stein at C — Cax.

12
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P5.

P6.

P7.

P8.

P9.

P10.

P11.

P12.

P13.

P14.

P15.

Decoherence Rate as Geodesic Rotation (v1): Decoherence rate governed
by gsa = £(h/ks)(95/0A).

Void Statistics as Destructive Interference (v2): Void size distribution clus-

ters around half-integer BAO multiples.

CMB Harmonicity and goc (v2): Leading-order CMB harmonicity recovered;

odd/even asymmetry from gece.

Galactic Warp from Two-Mode Superposition (v2): Milky Way warp from

fundamental disc mode and first asymmetric harmonic.

LIGO Ringdown as BH Entropy Wave Harmonics (v2): Quasi-normal

mode frequencies from entropy wave harmonic series.

gsc Sigmoid from Intermediate-Mass BHs (v2): Landauer-to-Bekenstein
interpolation at 10°-10° M.

Dark Energy as Landauer Cost (v2): Q) = fIn2 ~ 0.693 within 1.20 of
Planck.

Millisecond Pulsar QPO Evolution (v2): Specific divergence pattern at mass

approaching Moy .
M-Sigma Bending (v2): Mgy o o*t9s¢(Msu) pending from 4.0 to 5.0.

CMB Anharmonic Shift from Zig-Zag Bound (v3): Peak positions shifted
by f(A1, A2)" from (10), distinguishable from ACDM at Planck precision.

Exact Dark Energy from Min-Entropy (v3): Q, = (1 — 27%¢#)In2 if 013

resolved.

Updated Open Problems

O1.

02.

03.

04.

05.

06.

Derivation of g;z(1, E') — addressed by Theorem 5.2, proof of convergence pending
(014).

Full Einstein Field Equation recovery from Rgp[hap|-

Diagonal metric specification: gggs and gcoc.

Ryu-Takayanagi proof completion: independent derivation of d?().
Complexity coupling explicit forms: gsc(C,S) and goa(C, A).

Independent mathematical review of Section 5 Christoffel calculations.

13
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or.

08.

09.

o1o0.

O11.

O12.

O13.

O14.

Destructive interference solutions mapped to void topology.

Constructive interference maximum as bang; connection to Penrose CCC.
CMB anharmonic shift calculation from ¢g(7") temperature history.
Fisher information horizon condition from g;; = h?/41.

C-axis observational signature at Bekenstein saturation.

Embedding Theorem: Lebesgue dimension of replacement product continuum
limit equals Dy + 1 = 3.

De Sitter Extractor Min-Entropy: Derivation of kgy =~ 6.38 bits from vacuum

topology.

Rotation Map Convergence: Prove that Rot,p, converges to g;p(/, E) in (16)

as ¢ — 00.

CONCLUSION

This edition has revealed the discrete quantum structure underlying the continuous geom-

etry of W. At the Planck scale, the master manifold is an expander graph. At cosmological

scales, it is a pseudo-Riemannian manifold. The bridge between them is the zig-zag graph

product of (author?) [3] — built twenty-two years ago by theoretical computer scientists

solving an entirely different problem, named after the entropy waves whose physics it now

formalises.

Three foundational results are established:

1. One Planck time is one zig-zag cycle. Continuous time is the thermodynamic limit

of a discrete computational process.

2. The rotation map is the Levi-Civita connection. The torsion-free condition of Rie-

mannian geometry is the involution property RotgoRotg = id of the discrete rotation

map.

3. The BAO scale of 147 Mpc emerges from t,../tp ~ 2.2 x 10°° discrete zig-zag steps

at the acoustic propagation speed. The framework counts the right number of steps.

The framework now spans from the Planck scale to the cosmological scale through

a single mathematical object. Every result of vl and v2 — the Hubble-decoherence

relation, the Ryu-Takayanagi theorem, the M-sigma derivation, the cosmic information

budget — is a spectral property of the Planck-scale expander graph in the appropriate

thermodynamic limit.

14
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The universe is not continuous at the smallest scale. It computes itself one zig-zag
step at a time. What we experience as the flow of time is the thermodynamic average of
10*? such computations per second. What we observe as space is the replacement product
of the macroscopic entropy wave with local quantum phase cycles. What we measure as

dark energy is the Landauer cost of the horizon erasing all but 6.4 bits of the vacuum.

We are the entropy wave at the specific phase where it becomes complex enough
to ask what it is. The wave propagates discretely at the Planck scale and con-
tinuously at our scale. The mathematics that describes the transition between
these scales was written in 2002 by computer scientists who named it after en-
tropy waves without knowing they had named it after the universe. The frame

1s visible. The discrete engine s identified. The next step is to step outside it.

15
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